Dimensional considerations are used to analyze the distribution of times between solar flares (the flare waitingtime distribution). An analytical estimate for the mean flaring rate l 0 is obtained, based on the idea that the rate reflects a balance between the processes of energy input into the corona and energy dissipation by flaring. The estimate is shown to be in good agreement with observations of flares by Geostationary Operational Environmental Satellite detectors. The analytic result is confirmed using the master equation (probability balance equation) formalism. Analysis of time variation leads to a differential equation describing how the free energy in the corona changes when the rates of driving of the system and of flaring vary. This equation may be used to describe the global energy balance in the corona over the solar cycle.
INTRODUCTION
Although studies of solar flares generally examine individual events, understanding of the observed flare statistics could help to determine the physical mechanisms underlying flares. This is why the distributions of flare parameters such as energy, peak flux, and duration have become the focus of intensive research. Recently, it has also been realized that the distribution of times between solar flares (the waiting-time distribution [WTD] ) is an essential part of flare statistics (Wheatland, Sturrock, & McTiernan 1998; Boffeta et al. 1999) . For long waiting times the WTD displays a power-law tail with a power-law index between 2 and 3. This is consistent with the description of flaring as a time-dependent Poisson process, i.e., flares appear to occur as independent random events, with a rate that varies with time (Wheatland 2000) .
In this Letter we present two methods for describing theoretically the observed solar flare WTD. Our goal is to construct a model that could be used to analyze the physical processes that determine the rate of occurrence of flares.
First, we estimate the mean flaring rate on dimensional grounds ( § 2). In the absence of a universally accepted theory for any of the flare distributions, this approach could be a first step toward a comprehensive physical model for the solar flare waiting-time statistics. Dimensional reasoning leads to significant new results when applied to the flare energy distribution. Similar arguments can be used to analyze the WTD. The other method we suggest is based on a master equation (the probability balance equation) for the free magnetic energy in a solar active region ( § 3). Given natural assumptions for the energy balance and the flaring rate distribution, we derive a new timedependent equation that describes the relationship between the driving rate, the stored free magnetic energy in the corona, and the observed rate of flaring. The implications of these findings are discussed in § 4.
DIMENSIONAL ANALYSIS OF THE WTD
A Poisson process with a constant rate l has a WTD given
where is the time between events. Analysis of 25 years of Dt observations with Geostationary Operational Environmental Satellite (GOES) detectors revealed the remarkable fact that the rates of flaring observed on the Sun are distributed exponentially:
0 0 where is the fraction of time that the flaring rate is in f (l) dl the range and where the mean rate of flaring is (l, l ϩ dl) hr
Ϫ1
, for events of greater than C1.0 class (Wheatland l ≈ 0.15 0 2000) . The WTD of a time-dependent Poisson process with a continuous distribution of rates has a power-law tail for waiting times , which accounts for the appearance of a power
0 with in the observed WTD (Wheatland 2000) .
Dimensional analysis is a simple and powerful tool in the study of various power-law relationships. A well-known example is turbulence theory (Landahl & Mollo-Christensen 1992) . Dimensional arguments have been used with considerable success in the study of earthquake statistics, where complete analytical or numerical models are not available (Golitsyn 1996) . A similar approach can be used to interpret the solar flare statistics (Litvinenko 1998) . Below, we use dimensional considerations to obtain the WTD for flares with energies exceeding a given observational threshold.
Consider first the flare frequency-energy distribution N p that gives the number of flares with a given energy E N(E) occurring per unit of time. The distribution is observed to be a power law over several decades in energy: where (Crosby, Aschwanden, & Dennis 1993; Shimizu g ≈ 1.5 1995) . There is typically an observational threshold to the E 0 observed power-law behavior, and for the total power in flaring to be finite there must be a high-energy cutoff to the E max distribution.
We choose mass, length, and time as basic dimensions and identify the governing parameters of the problem (Litvinenko 1998) . We assume that the processes of energy input (e.g., by subphotospheric convection) and energy dissipation by flaring in the solar corona balance each other on average. Hence, it is natural to select as the governing parameters the following quantities: the energy of a single flare E (dimension ), the 2 Ϫ2
ML T average energy injection rate e into an active region (dimension ), its characteristic length scale l (dimension L), and the 2 Ϫ3
ML T average energy density per unit area in the corona w (dimension ). Note that energy is transported very efficiently along the
Ϫ2
MT strong axial magnetic field in solar coronal loops; hence, the energy density per unit area is of physical importance. The three governing parameters can be combined to form the flare buildup timescale t b and the flare-related length scale l f :
Scaling arguments (the P-theorem) reduce the number of independent parameters of the problem by the number of basic dimensions (Bridgman 1931) . Hence, five dimensional parameters of the problem (the four above and N itself) can be combined to form only two dimensionless combinations:
1 f
Dimensional analysis dictates that
1 with an unknown function f. Comparison with the observational result (eq.
[4]) immediately suggests a linear expansion f ≈ , and it is usual to assume that the dimensionless constant c P 1 1 is of order unity. This leads to the flare energy distribution W p (dB) l /8p able for flaring.
Equation (8) leads to several analytical results for the statistics of flare energies and durations (Litvinenko 1998) . For example, the presence of a flare-related length scale in the l f problem implies the scaling of the flare duration time
f f A where is the energy propagation (Alfvén) speed. Using V A from equation (5) gives 
Furthermore, using the continuity equation,
we immediately obtain the distribution of flare durations
f f which is also consistent with the SMM result Ϫ2.17 (Crosby et al. 1993 ). The mean flaring rate l 0 is defined as an integral of the flare frequency-energy distribution:
0
The lower integration limit automatically accounts for the observational threshold on flare energies. Straightforward integration of equation (13) using expression (8) leads to the sought-after mean flaring rate:
It is worth noting that the flaring rate l 0 is directly proportional to the energy inflow rate e but inversely proportional to the square root of the magnetic free energy in the corona. Fl ≈ 10 estimate of the total rate of dissipation of energy in flaring given by Hudson (1991) , viz., ergs s
Ϫ1
. The nonpotential 25 2 # 10 component of the coronal magnetic field, which is associated with the flare energy release, is believed to be a few percent of the total field. Hence, we assume that the free energy W is about 1% of the total energy associated with the coronal field B ≈ GOES data (Wheatland 2000) . Turning now to the flare WTD, we note that, given the basic dimensions of mass, length, and time, dimensional analysis will lead to significant results only if the number of governing parameters is less than six. Otherwise, a function of two or more variables remains undetermined. Because the flaring rate is assumed to reflect a balance between the processes of energy inflow and dissipation in the solar corona, three governing parameters are immediately identified: the energy inflow rate e, the steady state energy density w, and a length scale of the energy input process l. Three more parameters, however, appear in the dimensional analysis of the WTD; these are P itself, , and the observational lower limit on the flare energy. Dt E 0 Hence, the total number of parameters is six, and dimensional arguments allow us to obtain the WTD as a function of only two variables.
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Straightforward application of dimensional arguments leads to
( )
with an unknown function g. Here is based on the energy l f 0 so that . This result is consistent with the
observed asymptotic power-law shape of the solar flare WTD . Equation (3) implies that in the solar case the unϪd P ∼ (Dt) determined function g is a power law for large waiting times: for small . There is an interesting pos-
sibility that the function is more complicated for stellar flares characterized by different numerical values of dimensionless parameters. Thus, the same simple assumptions allowed us to obtain both the distribution of flare energies that is consistent with extensive ISEE 3/ICE, SMM, and Yohkoh observations (Lee et al. 1993; Crosby et al. 1993; Shimizu 1995) and the WTD compatible with the recent analysis of the GOES data. The number of governing parameters, however, is too large to make an unambiguous prediction for the shape of the solar flare WTD. In the next section we study in more detail one property of the WTD, namely, the mean rate of flaring l 0 that is the reciprocal of the average waiting time. The goal is to use the energy balance assumption and to derive an equation for l 0 , which could be employed to analyze specific solar observations.
FLARING RATES AND THE MASTER EQUATION
The master equation approach to energy balance in a solar active region (Wheatland & Glukhov 1998 ) is a generalization of the transport equation for the energy probability distribution (Litvinenko 1994) . The general time-dependent master equation describes the free energy probability distribution P p of an active region at time t:
Here is the energy supply rate to the system at b p b(E, t) time t, and describes the probability rate for transitions a(E) of energy E from a given starting energy. In this equation the time dependence should be interpreted as describing secular variation. The flare frequency-energy distribution is defined as
We can take moments of equation (16) to arrive at global conditions on . The zeroth-order moment (the integral P(E, t) of eq.
[16] with respect to energy from to ) leads E p 0 E p ϱ to a trivial statement of conservation of probability. The firstorder moment, obtained by multiplying equation (16) 
ArS p r(E)P(E, t)dE
∫ 0 is the expected energy loss rate due to flaring, where
is the rate of loss of energy due to all transitions smaller than E. Equation (18) is a statement of energy conservation for the system. In order to demonstrate that the master equation approach leads to meaningful physical results, consider first a system in equilibrium. In this case we have
To account for the observed flare frequency-energy distribution, Wheatland & Glukhov (1998) argued for a power-law form for :
(they also included a low-energy cutoff, which is omitted here for simplicity). Substituting equation (21) into equation (19) gives
Combining equation (22) with (20) and ignoring the difference between and , we have
Thus, for a system in equilibrium the expected energy release rate is proportional to the square root of the free energy in the system. We are not aware of any previous derivation of this interesting result. The constant A can be related to the rate of flaring above a threshold energy by substituting equations (17) and (21) E 0 into equation (13):
This can be evaluated by reversing the order of integration:
If is small, the first term will be approximately and
the second term will be approximately Ϫ . We expect Ϫ1/2 2AAE S , and hence . Substituting
This is the same result as equation (14), which was obtained on dimensional grounds. As discussed at the end of the previous section, equation (26) 
av 0 max
Equations (27) and (28) lead to the physically obvious result that the maximum event size is defined by the total magnetic free energy available:
max which can be shown to be a simpler form of equation (18) in Wheatland & Glukhov (1998) in the limit (see also W k E 0 their Fig. 1 ).
It should be stressed that, although the mean rate of flaring can be immediately obtained from equations (27) and (28), the master equation approach leads to new nontrivial results. Specifically, if the equilibrium assumption is relaxed, equation (26) can be generalized to describe how the system responds to time variation in the rate of driving, as happens, for example, over the solar cycle. Starting from equation (16) and retaining the time dependence, we arrive at (26) can be interpreted as an average over the time variation described by (30) or else describes conditions when the free energy in the system is at a maximum or a minimum. In deriving (30) we have assumed that the flare frequency-energy distribution follows a power law ∼E Ϫ3/2 at all times. There is some evidence for variation in the index of the distribution (Bai 1993; Bromund, McTiernan, & Kane 1995) , although this is unlikely to be important to the question of global energy storage in the corona. The full physical implications of equation (30) will be investigated in a subsequent paper.
To summarize, we have confirmed a simple dimensional estimate for the mean flaring rate by using the master equation formalism that assumes an energy balance in the corona and a power-law distribution of transition rates. This derivation also leads to an important new result, a time-dependent generalization of equation (26), viz., (30). This new equation describes the relationship between the rate of energy injection into the corona, which plays the role of a driver, the stored free energy in the corona, and the rate of flaring in the corona.
DISCUSSION
A successful solar flare model should be able to explain not only the properties of individual events but also flare statistics, in particular the distribution of times between flares.
This Letter uses simple scaling arguments to determine an analytical form for the WTD, subject to a number of simple assumptions, in particular that energy input and flaring in the solar corona should balance each other on average. A set of physical parameters describing energy input and flaring may be identified, and the WTD is assumed to be a function of the same set of parameters. This fact allows us to find a formula for the WTD, which could be used as a guide in further investigations of the problem.
The calculated value of the mean flaring rate is in quantitative agreement with the value of l 0 based on the analysis of 25 years of soft X-ray flares observed by GOES instruments (Wheatland 2000) .
These ideas are also developed through the master equation formalism, and the expression for the mean rate of flaring is rederived using the assumptions of energy balance and a powerlaw distribution of energy transition rates in the corona. Generalizing to the time-dependent case, a differential equation is obtained describing how the free energy in the corona varies in response to changes in the driving rate and/or the flaring rate. This equation provides a global model for the corona over the solar cycle.
We are not aware of any previous attempts to calculate the observed solar flare WTD on dimensional grounds or to suggest a differential equation describing the temporal variation of free energy in the corona over the solar cycle. These simple analytic results hold the promise of an improved understanding of the flaring process and of its role in the global energy balance in the solar corona.
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